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Two different formalisms for the homogenization of composite materials containing ellipsoidal inclusions based
on Bruggeman’s original formula for spherical inclusions can be found in the literature. Both approximations
determine the effective macroscopic permittivity of such an idealized composite assuming randomly distributed
dielectric particles of equal shape and differ only in the definition of the depolarization factors. The two
approaches are applied to analyze ellipsometric Mueller matrix spectra acquired in the visible and near-
infrared spectral region from metal and semiconductor slanted columnar thin films. Furthermore, the effective
dielectric function tensor generated by the two Bruggeman formalisms is compared to effective major axes
dielectric functions individually determined with a homogeneous biaxial layer approach. Best-match model
parameters of all three model approaches are discussed and compared to estimates from scanning electron
microscope images. The structural parameters obtained from all three optical modeling approaches agree well
with the electron microscopy technique. A comparative discussion is given for the validity and applicability
of the three model approaches for analysis of future devices structures that may require optical readout using
generalized ellipsometry methods.
I. INTRODUCTION
Functionalizing thin films by controlled porosity engi-
neering is a very interesting route to achieve desired phys-
ical film properties for various applications such as chro-
matography or optical humidity and biochemical sens-
ing1–3. Glancing angle deposition is an appropriate phys-
ical vapor deposition technique to fabricate nanostruc-
tured thin films with columnar characteristics and al-
lows for tailoring especially optical properties by con-
trolling nanostructure geometry and porosity4. Evalu-
ating structural and optical properties of these three-
dimensional columnar thin films to optimize deposition
conditions and to improve device properties is desirable.
Scanning probe microscopy and scanning electron mi-
croscopy (SEM) techniques are suitable for determining
surface morphological and structural properties such as
column and film thickness and columnar titling angles5.
Obtaining reliable estimates about film porosity (void
fraction) can be rather difficult and typically top-down
SEM images are analyzed; however, this technique only
works well for vertical posts6–8. Other reported methods
are, for example, x-ray reflectometry9 and gas adsorption
isotherms10. Unfortunately, for samples with very large
void fractions (deposition angles > 70○) the gas adsorp-
tion isotherm analysis fails because pores are not com-
pletely filled anymore due to bulk solidification10.
Generalized ellipsometry has been shown to be an ex-
cellent optical technique to determine anisotropic opti-
cal properties of complex nanostructured thin films and
derive structural parameters such as thickness and void
fraction from best-match model analysis7,11,12. Gener-
alized ellipsometry is also capable of determining multi-
ple film constituents within slanted columnar thin films.
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This has been recently shown for thin conformal passi-
vation layers grown by atomic layer deposition and in-
situ quantification of organic adsorbate attachment anal-
ysis3,13.
However, since ellipsometry is an indirect measure-
ment technique, adequate optical models have to be cho-
sen to evaluate experimental data in order to obtain
reliable optical and structural properties of anisotropic
samples. The film structure of slanted columnar thin
films, which are in general homogeneous anisotropic lossy
composite materials consisting of slanted columns of
regular shape and common orientation, induces form-
birefringence and dichroism. Appropriate mixing for-
mulas and effective medium homogenization approaches
need to be applied to calculate an effective anisotropic di-
electric medium response that renders the effects of the
measured anisotropy14.
In case of a biaxially anisotropic composite material,
the classic ellipsometry model approach is to individu-
ally determine the three major axes dielectric functions
without any implications on the kind of constituents and
constituent fractions of the composite. This homoge-
neous biaxial layer approach can deliver structural infor-
mation from a thickness parameter and Euler angles15,16.
If constituent fractions and information about the shape
of the constituents are desired results, a homogenization
approach can be applied such that the three major axes
dielectric functions can be constructed from a composite
model that describes the effects of shape, average con-
stituent fractions, and the use of constituent bulk-like
optical constants for the materials of the buildings blocks
(in general ellipsoidal inclusions).
The Bruggeman formalism is a homogenization ap-
proach with absolute equality between the constituents
in a mixture, and was originally developed for a medium
comprising two randomly distributed spherical dielectric
components17. This isotropic Bruggeman formula has
2been extensively discussed and generalized to treat mate-
rials with multiple anisotropic constituents by introduc-
ing so-called depolarization factors, which are functions
of the shape of the inclusions18–21. For ellipsoidal parti-
cles however, two different modifications of the Brugge-
man formalism were suggested, which differ in the defi-
nition of these depolarization factors.
The objective of this paper is a thorough compari-
son between both generalizations of the Bruggeman for-
malism and the homogeneous biaxial layer approach ap-
plied to slanted columnar thin films from different ma-
terials. Therefore, two different analysis procedures are
presented to elucidate the potential of the two anisotropic
Bruggeman models. All three model approaches have
been employed to match experimentally acquired Mueller
matrix spectra within the visible and near-infrared spec-
tral regions from three different slanted columnar thin
films made by glancing angle electron-beam deposition
from cobalt, titanium, and silicon. Best-match model re-
sults are also compared to estimates from scanning elec-
tron microscopy images.
II. GENERALIZED ELLIPSOMETRY
Generalized ellipsometry (GE), a non-destructive and
non-invasive optical technique, has proven to be highly
suitable for determining optical and structural properties
of highly anisotropic nanostructured films from metals
such as slanted columnar thin films or helical (chiral)
sculptured thin films15,22. Measurements of the com-
plex ratio ρ of the s- and p-polarized reflection coeffi-
cients are presented here in terms of the Stokes descrip-
tive system, where real-valued Mueller matrix elements
Mij connect the Stokes parameters before and after sam-
ple interaction23,24. The linear polarizability response of
a nanostructured thin film due to an electric field E is
a superposition of contributions along certain directions:
P = ̺a(a⋅E)a+̺b(b⋅E)b+̺c(c⋅E)c25. In the laboratory
Cartesian coordinate system the slanted columnar thin
film is described by the second rank polarizability tensor
χ and P = (ε − 1)E = χE. The Cartesian coordinate
system (x, y, z) is defined by the plane of incidence (x, z)
and the sample surface (x, y). This Cartesian frame is ro-
tated by the Euler angles (ϕ, θ,ψ) to an auxiliary system
(ξ, η, ζ) with ζ being parallel to c23,26. For orthorhom-
bic, tetragonal, hexagonal, and trigonal systems a set of
ϕ, θ,ψ exists with χ being diagonal in (ξ, η, ζ). For mon-
oclinic and triclinic systems an additional projection op-
erationU onto the orthogonal auxiliary system (ξ, η, ζ) is
necessary, which transforms the virtual orthogonal basis
into a non-Cartesian system27:
U =
⎛
⎜
⎝
sinα cosγ−cosβ cosα
sinα
0
0 [sin2 β − ( cosγ−cosβ cosα
sinα
)2] 12 0
cosα cosβ 1
⎞⎟⎠ . (1)
Additional internal angles α,β, γ are introduced into the
analysis procedure, and which differentiate between or-
thorhombic (α = β = γ = 90○), monoclinic (β ≠ 90○), or
triclinic (α ≠ β ≠ γ) biaxial optical properties.
Ellipsometric data analysis for anisotropic thin film
samples requires nonlinear regression methods, where
measured and calculated GE data are matched as close as
possible by varying appropriate physical model parame-
ters23,26. The quality of the match between model and
experimental data can be measured by the mean square
error (MSE)28. The major axes polarization response
functions ̺a, ̺b, ̺c can be extracted on a wavelength-
by-wavelength basis, i.e., without physical lineshape im-
plementations and Kramers-Kronig consistency tests can
then be done individually for dielectric functions along
each axis25. However, a generally more robust procedure
is matching parameterized model dielectric functions to
experimental data simultaneously for all spectral data
points. Parametric models further prevent wavelength-
by-wavelength measurement noise from becoming part of
the extracted dielectric functions and greatly reduce the
number of free parameters.
III. HOMOGENEOUS BIAXIAL LAYER APPROACH
The homogeneous biaxial layer approach (HBLA) as-
sumes that a given composite material can be described
as a homogeneous medium whose anisotropic optical
properties are rendered by a spatially constant dielec-
tric function tensor. This dielectric function tensor must
be symmetric since no magnetic or other non-reciprocal
effects are considered. The dielectric function tensor,
in general, comprises three frequency-dependent effective
major axes dielectric functions εj = 1+̺(ω)j as described
in Eq. 2, and may represent an anisotropic material re-
sembling either orthorhombic, monoclinic, or triclinic op-
tical symmetries.
Applied to a slanted columnar thin film, the optical
equivalent can be, in the most simple case, a single biax-
ial layer described by the HBLA. This biaxial layer com-
prises then an optical thickness d, corresponding to the
actual thickness of the nanostructured thin film as well as
external Euler angles (ϕ, θ, ψ) and internal angles (α, β,
γ) determining the orientation of the columns and sam-
ple during a particular measurement and biaxial proper-
ties, respectively (“structural parameters”)29. Further-
more, the three independent, complex, and wavelength-
dependent functions ̺(ω)j , pertinent to major polariz-
ability axes j = a,b,c are referred to as “optical proper-
ties”15,16,22.
Explicitly, the dielectric tensor εt for a triclinic mate-
rial takes the form
εt =AU
⎛⎜⎝
̺(ω)a 0 0
0 ̺(ω)b 0
0 0 ̺(ω)c
⎞⎟⎠U
t
A
t, (2)
where A is the real-valued Euler angle rotation matrix
and U is the projection matrix22. Note that here the
3superscript “t” refers to the transpose of the respective
matrix.
The HBLA does not allow to determine fractions
of constituents within the composite material, nor the
constituent bulk-like optical properties of the building
blocks. However, the HBLA has several advantages over
other effective medium approximations: (i) no initial as-
sumptions such as optical properties of the constituents
or material fractions are necessary, (ii) it is valid for ab-
sorbing and non-absorbing materials, and (iii) it does not
depend on the structure size. Note that the actual struc-
ture size is disregarded in this homogenization approach.
This procedure is considered valid since the dimensions
and especially the diameter of the nanostructures under
investigation are much smaller than the probing wave-
length. Care must be taken when properties at shorter
wavelengths are evaluated, because diffraction and scat-
tering phenomena may be present.
In general, it is presumed that the HBLA method to-
gether with the assumption of one effective optical thick-
ness d applied to match experimental data for a slanted
columnar thin films delivers the best possible dielectric
tensor ε, i.e. εeff,j are considered the true effective major
axes dielectric functions and therefore target functions
for other effective medium approximations.
IV. BRUGGEMAN FORMALISMS
The generalization of the Bruggeman formalism with
a definition of the depolarization factors introduced to
optics by Polder and van Santen (Eq. 3) has been exten-
sively used and applied to the analysis of experimentally
acquired data of anisotropic thin films11–13,18,20,22,30–33.
This formalism will be called henceforth “traditional
anisotropic Bruggeman effective medium approximation”
(TAB-EMA). The implicit TAB-EMA formulae for the
three effective major dielectric functions εT
eff,j
with j =
a, b, c for a mixture of m constituents with fractions fn
and constituents bulk-like dielectric functions εc,n are
m
∑
n=1
fn
εc,n − ε
T
eff,j
εT
eff,j
+LD
j
(εc,n − εTeff,j) = 0, (3)
with the depolarization factors
LDj = UxUyUz2
∞
∫
0
(s +U2j )−1ds√(s +U2x)(s +U2y )(s +U2z ) . (4)
The definition of LDj is based on the potential of uniformly
polarized ellipsoids and has been adapted from magneto-
static theory where these parameters are well-known un-
der the name demagnetizing factors34. It is important to
note that the real-valued depolarization factors LDj only
depend on the real-valued shape parameters Uj of the
ellipsoid and that the two ratios (Ux/Uz) and (Uy/Uz)
serve to define the shape exactly. It can be shown that
the depolarization factors of an ellipsoid satisfy the rela-
tion
LDx +L
D
y +L
D
z = 1. (5)
Furthermore, the sum of all fn has to equal unity. An-
alytical solutions for Eq. 3 still exist even with several
constituents m and the physically correct solution of the
polynomial equation can be determined by an algorithm
based on conformal mapping, for example35.
The second existing Bruggeman formalism comprises
depolarization factors that are based on Green functions
and was first introduced by Stroud in 197519. Recently,
Mackay and Lakhtakia published explicit equations for
these depolarization factors for the case of anisotropic
inclusions21. The effective permittivity parameters εR
eff,j
are given implicitly by the three coupled equations
m
∑
n=1
fn
εc,n − ε
R
eff,j
1 +DD
j
(εc,n − εReff,j) = 0, (6)
with the depolarization factors specified by the double
integrals
DDx = 14π
2pi
∫
0
pi
∫
0
sin3 ϑ cos2 φ
U2xρ
dϑdφ, (7a)
DDy = 14π
2pi
∫
0
pi
∫
0
sin3 ϑ sin2 φ
U2yρ
dϑdφ, (7b)
DDz = 14π
2pi
∫
0
pi
∫
0
sinϑ cos2 φ
U2z ρ
dϑdφ, (7c)
which involve the scalar parameter
ρ = sin
2 ϑ cos2 φ
U2x
εR
eff,x
+
sin2 ϑ sin2 φ
U2y
εR
eff,y
+
cosϑ
U2z
εR
eff,z
. (8)
The depolarization factors DDj are, in general (lossy
medium), complex parameters and are a function of the
shape parameters Uj of the ellipsoid as well as the effec-
tive permittivities εR
eff,j
of the medium. This formalism
will be called henceforth “rigorous anisotropic Brugge-
man effective medium approximation” (RAB-EMA).
Note that due to the coupled nature of the RAB-EMA
formalism generally numerical methods are necessary to
calculate the effective permittivities εR
eff,j
. In contrast to
the TAB-EMA, the RAB-EMA has only been discussed
mathematically and no reports on the application to eval-
uate experimentally acquired data from anisotropic sam-
ples exist. Furthermore, it should be noted that both
theories (i) presume structural equivalence for all m con-
stituents and (ii) are identical for the limiting case of
isotropic spherical inclusions (Ux = Uy = Uz).
V. ANALYSIS PROCEDURES
As shown previously, the optical response of slanted
columnar thin films as the ones discussed here can be very
4well described using the HBLA method and assuming a
single homogeneous biaxial layer15,16,22. The latter as-
sumption is also made for the TAB-EMA and RAB-EMA
models. Furthermore, for both EMA models a compos-
ite material with two different constituents (m = 2), one
of them being void (εc,1 = 1), is assumed throughout
the manuscript. Two analysis procedures can be iden-
tified and results for both are presented and discussed
below. The initial step, equal for both procedures, is
the best-match model analysis with the HBLA method
where experimentally acquired Mueller matrix spectra
are matched as close as possible by varying structural and
optical model parameters. First, wavelength-dependent
functions ̺(ω)j pertinent to major polarizability axes
j = a,b,c have been matched on a wavelength-by-
wavelength basis. Subsequently, parameterized model di-
electric functions have been implemented, also to warrant
Kramers-Kronig consistency, and the best-match model
calculation procedure was repeated for final results. Note
that in accordance with previous findings the monoclinic
angle β was ranged for the model analysis such that
β ≤ 90○ and α = γ = 90○. The monoclinic behavior is due
to the specific thin film geometry and based on dielectric
polarization charge coupling effects across neighboring
slanted columns; i.e. a conducting wetting layer but elec-
trically isolated nanocolumn tips15,16,22. The subsequent
two routes differ in what are considered target values for
the best-match model regression analysis.
For analysis procedure I, the target values are the
HBLA optical properties, that is, the effective ma-
jor dielectric functions εeff,j and not the experimental
data. Both TAB-EMA (εT
eff,j
) and RAB-EMA (εR
eff,j
) are
matched to the target values by varying shape param-
eters Ux and Uy (Uz = 1), void fraction parameter f1
(f2 = 1 − f1) as well as the wavelength-dependent con-
stituent bulk-like dielectric function εc,2. The signifi-
cance of this procedure is that the film thickness d as
well as the external Euler (rotations) and internal angles
(projections), needed to diagonalize the HBLA tensor, do
not affect the TAB- and RAB-EMA approaches. Note
that any uncertainty of the HBLA results will also af-
fect the subsequent EMA approaches. The quality of the
regression analysis can be evaluated by comparing the
weighted test function ξε (ε-MSE) values for both EMA
approaches,
ξε =
⎡⎢⎢⎢⎢⎣
1
3S −K
S
∑
j=1
2
∑
k=0
(εHBLAk,j − εmodk,j
σεkj
)2⎤⎥⎥⎥⎥⎦
1/2
, (9)
where S denotes the total number of wavelengths at
which data are measured, K is the number of model
parameters, εHBLAk,j and ε
mod
k,j are the HBLA target and
model calculated effective major dielectric functions, re-
spectively, and σεkj are the generated standard deviations
(σεkj = 0.01εHBLAk,j ) necessary for the biased weighing36.
The target values for analysis procedure II are di-
rectly the experimentally acquired Mueller matrix spec-
tra. Hence, the TAB- and RAB-EMA results are inde-
FIG. 1. Cross-sectional high-resolution SEM images of the
slanted columnar thin films from cobalt, titanium and silicon,
respectively, on crystalline silicon substrates. Scale bars are
500 nm.
pendent of the HBLA results, which means that addition-
ally to shape parameters (Ux, Uy), void fraction f1, and
constituent bulk-like dielectric function εc,2 each EMA
model will also deliver structural parameters, thickness
as well as Euler and internal angles. The weighted test
function ξM (M-MSE) may serve as a relative measure
of quality to evaluate and compare the three model ap-
proaches
ξM =
⎡⎢⎢⎢⎢⎣
1
11S −K
S
∑
j=1
3
∑
k=1
4
∑
l=1
(M expkl,j −Mmodkl,j
σexpj
)
2⎤⎥⎥⎥⎥⎦
1/2
. (10)
Here,M expkl,j andM
mod
kl,j are the experimentally determined
and model calculated Mueller matrix elements, respec-
tively, measured at photon energy E = h̵ωj , and σexpj
are the standard deviations obtained during the mea-
surement.
VI. EXPERIMENTAL DETAILS
The slanted columnar thin films were deposited in a
custom built ultra-high vacuum chamber by electron-
beam evaporation of cobalt, titanium, and silicon pellets,
respectively, onto Si(100) substrates with a native oxide
layer of around 1.9 nm. The chamber background pres-
sure was in the 10−9 mbar range and the substrates were
held at room-temperature during the fabrication through
a water-cooled sample holder. All three samples have
been deposited at a constant particle flux of approxi-
mately 4 A˚/s measured at normal incidence while the
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FIG. 2. Experimental (circles) and best-match model calcu-
lated (solid lines) Mueller matrix data of a Si slanted colum-
nar thin film versus sample azimuth angle φ at λ = 630 nm.
The two graphs for each Mueller matrix element represent
two different angles of incidence Φa = 45
○ and Φa = 75
○.
substrate normal was tilted away from the particle flux
by 85○. Figure 1 depicts cross-sectional high-resolution
SEM images of the samples under investigation and Ta-
ble I summarizes thickness and slanting angle determined
by image analysis.
For each of the three materials, an approximately
100 nm thick solid reference film has been deposited at
2 A˚/s and at normal incident particle flux. To achieve
a low surface roughness, the substrate has been rotated
around its normal by 2 rpm during the growth.
TABLE I. Summary of thickness and slanting angle estimates
from cross-sectional SEM image analysis for the three slanted
columnar thin films depicted in Fig. 1.
Parameter Cobalt Titanium Silicon
t (nm) 115 ± 5 112 ± 4 108 ± 3
θ (○) 65 ± 3 58 ± 4 62 ± 2
As soon as the samples had been taken out of the
deposition chamber Mueller matrix ellipsometry spec-
tra within a spectral range from 400 to 1650 nm have
been acquired at angles of incidence Φa = 45○,55○,65○,75○
(M2000VI, J. A. Woollam Co. Inc.). Additionally, to
allow for accurate evaluation of the anisotropy, at each
angle Φa spectra were measured over a full azimuthal ro-
tation every six degrees.
VII. RESULTS
Figures 2 and 3 depict azimuthal and spectral exper-
imental and best-match model Mueller matrix data, re-
spectively, for the Si sample and comparable graphs for
the metal samples can be found in the literature15,22,37.
A summary of the best-match model structural param-
eters can be found in Table III and effective major axes
optical constants, εeff,j = (nj+ikj)2, are depicted in Fig. 4.
The Euler angle ϕ depends merely on the azimuthal sam-
ple orientation φ during the ellipsometry measurement
and has been omitted here; Euler angle ψ was set to 0○ for
all analysis procedures. Note that pseudo-isotropic orien-
tations (sample azimuth positions with no mode conver-
sion between p- and s-polarization states) can only exist
if one major polarizability axes is within a plane, which
is perpendicular to the plane of incidence (ψ = 0○)22,38.
For the two metal slanted columnar thin films, functions
̺(ω)a, ̺(ω)b, and ̺(ω)c have been parameterized with
a combination of Lorentzian oscillators and for the Co
thin film ̺(ω)c has an additional Drude term23. For
the Si slanted columnar thin film each function ̺(ω)j
comprises a single Tauc-Lorentz oscillator, which is the
typical model dielectric function for amorphous Si39.
Best-match model results determined with analysis
procedure I are listed in Table II and the optical prop-
erty results for all three slanted columnar thin films
are shown in Fig. 4. The corresponding wavelength-
by-wavelength determined constituent bulk-like dielectric
functions εc,2 = (n + ik)2 are depicted in Fig. 5.
Analysis procedure II results in best-match model
structural parameters are listed in Table III. The opti-
cal property results for all three slanted columnar thin
films are shown in Fig. 6 and the corresponding con-
stituent bulk-like dielectric functions εc,2 = (n + ik)2 are
depicted in Fig. 7. Similarly to the HBLA, the bulk-like
dielectric functions for the two metal slanted columnar
thin films have been parameterized with a combination
of Lorentzian oscillators and the model dielectric func-
tion for the Co slanted columns comprises an additional
Drude term. For the Si slanted columns, εc,2 is composed
of a single Tauc-Lorentz oscillator.
VIII. DISCUSSION
A. Optical Properties
The effective major axes optical constants nj and kj of
the Si slanted columnar thin film computed with TAB-
EMA and RAB-EMA using analysis procedure I are in
excellent agreement with the HBLA (Fig. 4). While there
are some deviations for the metal slanted columnar thin
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FIG. 3. Experimental (circles) and best-match model calcu-
lated (solid lines) Mueller matrix data of a Si slanted columnar
thin film for two different angles of incidence (Φa = 45
○ and
Φa = 75
○) within the spectral range from 400 to 1650 nm.
films regarding major polarizability axes a and b there is
a very good match between all three model approaches
along c. This behavior is also reflected in the MSE val-
ues (Table II), which are lowest for the Si sample and
considerably higher for the two metal samples. In partic-
ular, for the Ti nanostructured thin film the RAB-EMA
formalism seems to underestimate na and nb but overes-
timate ka and kb. For the Co slanted columnar thin film,
however, there are no obvious trends.
The corresponding constituent bulk-like optical con-
stants obtained by matching TAB-EMA and RAB-EMA
to εHBLA
eff,j
are different from each other and also from the
100 nm thick solid film reference sample data (Fig. 5).
In general, deviations from the bulk material optical con-
stants are not unexpected since the optical properties of
ultrathin films and nanoparticles may differ significantly
due to surface and quantum confinement effects, for in-
stance40–42. No general trends can be observed between
the two dissipative metal nanostructured samples within
the measured spectral region, however, both TAB- and
RAB-EMA agree very well for the Si slanted columnar
thin film sample and only the refractive index is offset
with respect to the reference sample data. This off-
set could stem from Si nanocrystals with different sizes
present within the nanocolumns but not the purely amor-
phous solid reference sample42. While the extinction co-
efficients for Ti exhibit substantial discrepancies the in-
terband transition around 800 nm, even though slightly
red-shifted with respect to the bulk reference data, is
present in both Bruggeman approaches and has the same
center energy (1.52 eV ≙ 815 nm).
Comparable to analysis procedure I, the TAB- and
RAB-EMA effective major axes optical constants nj and
kj of the Si slanted columnar thin film computed with
analysis procedure II are in excellent agreement with
the HBLA (Fig. 6). However, in contrast to analysis
procedure I, the results obtained with the Bruggeman
formalisms for both metal slanted columnar thin films
deviate from the HBLA results along all three major
polarizability axes. While for the Co sample, nj deter-
mined with the TAB-EMA and RAB-EMA overestimate
and underestimate the corresponding HBLA indices, re-
spectively, both EMA approaches underestimate the Ti
HBLA nj with significant differences for the RAB-EMA.
Exactly the same trends but with opposite directions can
be observed for the film thicknesses. Overall, the TAB-
EMA results, compared to the RAB-EMA, are slightly
closer to εHBLA
eff,j
and also the MSE is reflecting this trend
(Table III). In general, it can be said that simply by
considering the MSE the HBLA always delivers the best
match between model and experimental data due to the
independent determination of the effective optical con-
stants along major polarizability axes. This observation
is in accordance with the initial assumption that the
HBLA method will deliver the best possible dielectric
tensor.
The corresponding constituent bulk-like optical con-
stants resulting from matching TAB-EMA and RAB-
EMA to experimental Mueller matrix spectra depicted
in Fig. 7 are significantly different from each other, from
data obtained from the 100 nm thin solid reference film,
and also from the bulk-like optical constants determined
with analysis procedure I (Fig. 5). Especially the RAB-
EMA extinction coefficients for both Co and Ti nanos-
tructured samples are substantially lower than the re-
spective bulk reference data. Nevertheless, even though
the extinction coefficients for Ti exhibit substantial dis-
crepancies, the interband transition is present in both
Bruggeman approaches and has the same center energy
(1.52 eV ≙ 815 nm), which is in agreement with analysis
procedure I.
In summary, both analysis procedures reveal signifi-
cant differences especially for the constituent bulk-like
optical constants with respect to the solid reference sam-
ple as well as between analysis procedures, and also for
the resulting major axes dielectric functions. The dif-
ferences between bulk material reference data and con-
stituent bulk-like optical constants of slanted columnar
thin films determined with the Bruggeman EMAs dis-
cussed here may originate from a combination of circum-
stances. First of all, both Bruggeman formalisms are
based on an idealized model of randomly distributed el-
lipsoidal particles and this description differs from the
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FIG. 4. Effective major axes optical constants, refractive indices nj and extinction coefficients kj , along major polarizability
axes a, b, c of Co, Ti, and Si determined by HBLA (solid lines), TAB-EMA (dotted lines) and RAB-EMA (dashed lines).
EMA results have been determined with analysis procedure I.
samples under investigation, which consist of columns
with approximately elliptical cross-section attached to a
substrate. Additionally, the optical model equivalent of
a nanostructured thin film is a single anisotropic layer,
which neglects non-idealities due to a “surface rough-
ness” and a very thin nucleation layer. As mentioned
above, another important consideration is that the di-
electric properties of ultrathin metal films may differ from
their respective bulk properties due to surface and quan-
tum confinement effects, for example, which is very well
possible here considering isolated columns with diame-
ters of less than 20 nm41. Besides that, since the acquisi-
tion of ellipsometric Mueller matrix spectra is performed
in ambient conditions, a possible thin oxidation layer or
even ambient humidity might alter the isotropic material
optical constants slightly13.
B. Structural Parameters
The film thicknesses d of the absorbing metal slanted
columnar thin films, optically determined with the HBLA
and the TAB-EMA, are slightly lower compared to esti-
mates obtained from cross-section SEM images while the
RAB-EMA values agree fairly well (Tables I and III). For
the nanostructured thin film from Si however, all optical
models are in excellent agreement and also with values
obtained with the imaging technique.
All three model approaches are very reliable with re-
spect to the determination of the columnar slanting angle
θ (equivalent to the tilt of unit vector c from the surface
normal towards the sample surface), which differs be-
tween models by < 2○ (< 1○ for the Si slanted columnar
thin film) and is also in excellent agreement with SEM
estimates.
Noticeable differences between the two EMA for-
malisms and the HBLA occur with respect to the mono-
clinic angle β. The Co slanted columnar thin film anal-
ysis reveals that the TAB-EMA result agrees well with
the HBLA whereas the RAB-EMA suggests orthorhom-
bic film properties. For the Ti sample however, all
three model approaches result in monoclinic optical thin
film properties with minor differences for the value of
β. The semiconducting Si nanostructured film exhibits
orthorhombic properties and only the TAB-EMA model
results in a minor deviation from a right angle between
axes c and b. Note that t, θ, and β values are only com-
puted for the two EMA model approaches with analysis
procedure II.
The void fractions f1 are results of each analysis proce-
dure and both EMA formalisms deliver fairly consistent
results (Tables II and III). Analysis procedure I shows a
maximum f1 deviation between TAB and RAB of 2.5%
for the Co sample but the values for the Si sample are
in excellent agreement. While the TAB-EMA void frac-
tions for the metal slanted columnar thin films deter-
mined with analysis procedure II are slightly larger than
the respective RAB-EMA values, the opposite is the case
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FIG. 5. Constituent bulk-like optical constants, refractive indices and extinction coefficients, of Co, Ti, and Si as determined by
TAB-EMA (dotted lines) and RAB-EMA (dashed lines), and also in comparison with reference data obtained from a 100 nm
thick solid film (solid line). EMA results have been determined with analysis procedure I.
for the Si thin film. Trends are that the Si nanostructured
sample exhibits a slightly larger void fraction compared
to the metal samples deposited under identical condi-
tions. In general, void fraction values between 70% and
80% are also in agreement with general porosity trends
for samples deposited at such glancing angles11. Unfor-
tunately, no data for accurate direct comparison exist in
the literature since either the method does not work for
very large pore sizes (gas adsorption isotherm analysis)10
or values have been determined by top-view SEM image
analysis of vertically grown columnar thin films6,7.
The most controversial results are the shape parame-
ters (Ux, Uy), which should ideally render the geometry
of the component particles of the homogenized medium.
In the present case, the particles are rather columns com-
posed of solid state matter and air, which will be approx-
imated as ellipsoid by the Bruggeman formalisms. The
fact that Uz = 1 ≠ Ux ≠ Uy constitutes biaxial film prop-
erties and the larger Uz is with respect to Ux and Uy the
more elongated is the rendered ellipsoidal particle.
For analysis procedure I, only in the case of the Si
slanted columnar thin film both EMA methods are con-
sistent and close to the true column aspect ratio of about
10. For the Co sample the TAB-EMA and for the Ti sam-
ple the RAB-EMA substantially overestimate the aspect
ratio, respectively. Interestingly, the Ux/Uy ratios result-
ing from both Bruggeman approaches are fairly consis-
tent for each slanted columnar thin film (Table II). Note
that some shape parameters exhibit very large error bars
due to parameter correlation, the ratio however can be
determined with a very high precision by excluding one
of them from the best-match model procedure.
Similar to analysis procedure I, the Ux/Uy ratios, re-
sulting from both Bruggeman approaches with analysis
procedure II, are fairly consistent for each slanted colum-
nar thin film. However, especially for the nanostructured
samples from Ti and Co, ratios with respect to Uz = 1
differ by one and two orders of magnitude, respectively.
The RAB-EMA values are only close to the true column
aspect ratio of about 10 in the case of the Si slanted
columnar thin film. The TAB-EMA shape parameters
are fairly consistent amongst the three samples under in-
vestigation and represent the actual column dimensions
significantly better than the RAB-EMA values in case of
the metal nanostructured thin films (Table III).
In general, since the slanted columns interact with the
substrate and with each other, an ellipsoidal shape is only
a rough approximation. Hence Uj should be considered
as effective shape factors that are not necessarily repre-
sentative for the true geometry of the inclusions20.
It should be noted that the RAB-EMA approach with
its wavelength-dependent depolarization factors is not su-
perior to the TAB-EMA formalism, which is possibly
also due to the limited spectral range of investigation.
However, the RAB-EMA might perhaps be the model
of choice to analyze Mueller matrix data acquired over
a very wide spectral range spanning from the visible all
the way to the THz region, for example, since it has been
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FIG. 6. Effective major axes optical constants, refractive indices nj and extinction coefficients kj , along major polarizability
axes a, b, c of Co, Ti, and Si determined by HBLA (solid lines), TAB-EMA (dotted lines) and RAB-EMA (dashed lines).
EMA results have been determined with analysis procedure II.
TABLE II. Summary of the best-match model parameters for
Co, Ti, and Si slanted columnar thin films determined with
analysis procedure I.
Void % Ux Uy Ux/Uy ε-MSE
Co
TAB 72.0(1) 0.07(1) 0.05(1) 1.40 0.1224
RAB 74.5(1) 0.211(2) 0.132(2) 1.60 0.0767
Ti
TAB 74.2(2) 0.208(5) 0.180(5) 1.16 0.0236
RAB 72.8(1) 0.005(9) 0.003(7) 1.40 0.0736
Si
TAB 77.4(1) 0.223(6) 0.118(4) 1.89 0.0052
RAB 77.7(1) 0.189(7) 0.088(4) 2.15 0.0053
shown recently that with the TAB-EMA depolarization
factors and hence shape parameters may differ depending
on the spectral range chosen for analysis32.
C. Applications
The findings discussed in the above sections are rele-
vant for a number of optical device structure applications
based on a birefringence change principle. For exam-
ple, detecting changes in the environmental conditions
by monitoring the adsorption of molecules out of the
gaseous phase such as optical humidity sensing or mon-
itoring adsorption of organic molecules out of a liquid
phase by means of generalized ellipsometry3. Further-
more, these model approaches are important to charac-
terize changes in constituent fractions or other structural
variations. Constituent fraction changes, for instance, oc-
cur when stimuli responsive functional polymer brushes
coated onto slanted columnar thin films swell or deswell
upon environmental changes or during conformal growth
by atomic layer deposition13,43,44. Slanting angle and
associated thickness and constituent fraction variations
may appear upon infiltration of polymers by spin coat-
ing, for instance43,45.
IX. CONCLUSIONS
Two different generalized Bruggeman formalisms to
determine the effective macroscopic permittivity of a
homogenized composite material have been applied to
model ellipsometric Mueller matrix spectra. The ob-
tained results have been discussed and compared to a
homogeneous biaxial layer approach as well as estimates
from cross-sectional electron microscopy images. Since
both anisotropic Bruggeman formalisms are approxima-
tions and have been developed for isolated, randomly
distributed component particles of ellipsoidal shape, a
slanted columnar thin film of any material is not a per-
fect match for this idealized model scenario. Especially,
since the columns interact with the substrate and with
each other, an ellipsoidal geometry is only a rough ap-
proximation.
Despite all the the above mentioned model non-
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FIG. 7. Constituent bulk-like optical constants, refractive indices and extinction coefficients, of Co, Ti, and Si as determined
by TAB-EMA (dotted lines) and RAB-EMA (dashed lines), and also in comparison with data obtained from a 100 nm thick
solid film (solid line). EMA results have been determined with analysis procedure II.
TABLE III. Summary of the best-match model parameters for Co, Ti, and Si slanted columnar thin films. EMA results have
been determined with analysis procedure II.
Cobalt Titanium Silicon
Parameter HBLA TAB-EMA RAB-EMA HBLA TAB-EMA RAB-EMA HBLA TAB-EMA RAB-EMA
t (nm) 106.9(1) 101.51(7) 114.81(8) 100.8(1) 103.0(2) 114.9(1) 108.8(3) 109.07(3) 109.31(3)
θ (○) 63.68(2) 62.92(2) 64.80(2) 57.63(4) 56.95(3) 58.42(3) 60.94(4) 61.62(4) 61.10(3)
β (○) 83.7(1) 80.91(5) 90.0(1) 79.9(1) 81.23(6) 85.12(7) 90.0(1) 88.0(1) 90.0(1)
Void % — 75.37(1) 73.66(2) — 78.26(4) 74.75(5) — 77.13(4) 80.2(1)
Ux — 0.406(1) 0.004(2) — 0.380(3) 0.02(1) — 0.198(3) 0.332(6)
Uy — 0.311(1) 0.003(1) — 0.312(3) 0.012(6) — 0.103(3) 0.163(4)
Ux/Uy — 1.31 1.72 — 1.22 1.46 — 1.98 2.04
M-MSE 7.7 12.5 19.73 6.2 10.23 12.8 8.02 10.46 10.51
idealities both EMA formalisms result in very good esti-
mates for structural parameters such as thickness, slant-
ing angle, and constituent fractions as analysis procedure
II (match model to experimental Mueller matrix spec-
tra) has revealed. However, shape parameters need to
be considered as effective values, which do not necessar-
ily represent the true structure geometry. For slanted
columnar thin films of the kind presented here and in-
vestigated within a narrow spectral range, no preference
can be given to any one of the Bruggeman EMA model
approaches. For the metal slanted columnar thin films
the TAB-EMA produces slightly smaller MSE values
whereas both Bruggeman formalisms are equally good
when matching data from a Si slanted columnar thin film.
However, if an accurate determination of the effective
major dielectric functions is the desired result, the HBLA
model needs to be used. Then by applying analysis pro-
cedure I (match model to HBLA effective major dielec-
tric functions instead of experimental data), often de-
sired constituent fractions can be obtained as well as the
constituent bulk-like dielectric functions, which may be
significantly different from the respective bulk material
dielectric functions. For lossless or near lossless materials
(extinction coefficient k small or zero) both TAB-EMA
and RAB-EMA deliver almost identical constituent bulk-
like dielectric functions as shown in the case of Si slanted
columnar thin films. For the lossy metal nanostructured
samples however, both EMA approaches differ substan-
11
tially and here probably the RAB-EMA should be given
preference due to the rigorous electrodynamic approach.
X. ACKNOWLEDGEMENTS
D.S. would like to thank C.M. Herzinger (J.A. Wool-
lam Co., Inc.) and T. Hofmann (University of Nebraska-
Lincoln) for fruitful discussions. The authors ac-
knowledge financial support from the National Science
Foundation in RII (EPS-1004094), CAREER (ECCS-
0846329), and MRSEC (DMR-0820521), the University
of Nebraska-Lincoln, and the J.A. Woollam Foundation.
1S. R. Jim, A. J. Oko, M. T. Taschuk, and M. J. Brett, J. Chro-
matogr. A 1218, 7203 (2011).
2Y. J. Liu, J. Shi, F. Zhang, H. Lianga, J. Xu, A. Lakhtakia, S. J.
Fonash, and T. J. Huang, Sensor. Actuat. B-Chem. 156, 593
(2011).
3K. B. Rodenhausen, D. Schmidt, T. Kasputis, A. K. Pannier,
E. Schubert, and M. Schubert, Opt. Express 20, 5419 (2012).
4M. M. Hawkeye and M. J. Brett, J. Vac. Sci. Technol. A 25, 1317
(2007).
5M. Backholm, M. Foss, and K. Nordlund, Nanotechnol. 23,
385708 (2012).
6C. Buzea, G. Beydaghyan, C. Elliott, and K. Robbie, Nanotech-
nology 16, 1986 (2005).
7K. Kaminska, A. Amassian, L. Martinu, and K. Robbie, J. Appl.
Phys. 97, 013511 (2005).
8K. M. Krause, D. W. Vick, M. Malac, and M. J. Brett, Langmuir
26, 17558 (2010).
9S. Asgharizadeh, M. Sutton, K. Robbie, and T. Brown, Phys.
Rev. B 79, 125405 (2009).
10K. Krause, M. Thommes, and M. J. Brett, Micropor. Mesopor.
Mater. 143, 166 (2011).
11G. Beydaghyan, C. Buzea, Y. Cui, C. Elliott, and K. Robbie,
Appl. Phys. Lett. 87, 153103 (2005).
12I. S. Nerbø, S. L. Roy, M. Foldyna, M. Kildemo, and
E. Sønderg˚ard, J. Appl. Phys. 108, 014307 (2010).
13D. Schmidt, E. Schubert, and M. Schubert, Appl. Phys. Lett.
100, 011912 (2012).
14A. Shivola, Electromagnetic mixing formulas and applications,
Electromagnetic Waves, Vol. 47 (The Institution of Electrical
Engineers, London, 1999).
15D. Schmidt, B. Booso, T. Hofmann, E. Schubert, A. Sarangan,
and M. Schubert, Appl. Phys. Lett. 94, 011914 (2009).
16D. Schmidt, B. Booso, T. Hofmann, E. Schubert, A. Sarangan,
and M. Schubert, Opt. Lett. 34, 992 (2009).
17D. A. G. Bruggeman, Ann. Physik (Leipzig) 416, 636 (1935).
18D. Polder and J. H. van Santen, Physica 12, 257 (1946).
19D. Stroud, Phys. Rev. B 12, 3368 (1975).
20C. G. Granquist and O. Hunderi, Phys. Rev. B 16, 3513 (1977).
21T. G. Mackay and A. Lakhtakia, J. Nanophoton. 6, 069501
(2012).
22D. Schmidt, E. Schubert, and M. Schubert, “Ellipsometry at
the nanoscale,” (Springer, Berlin, 2013) Chap. Generalized El-
lipsometry Characterization of Sculptured Thin Films Made by
Glancing Angle Deposition, pp. 341–410.
23H. G. Tompkins and E. A. Irene, eds., Handbook of Ellipsometry
(Springer, Heidelberg, 2004).
24M. Schubert, Ann. Phys. (Leipzig) 15, 480 (2006).
25M. Dressel, B. Gompf, D. Faltermeier, A. K. Tripathi, J. Pflaum,
and M. Schubert, Opt. Express 16, 19770 (2008).
26M. Schubert, Infrared Ellipsometry on Semiconductor Layer
Structures: Phonons, Plasmons, and Polaritons, Springer Tracts
in Modern Physics, Vol. 209 (Springer, Berlin, 2004).
27M. de Graef and M. E. McHenry, Structure of Materials: An In-
troduction to Crystallography, Diffraction, and Symmetry (Cam-
bridge University Press, Cambridge, 2007).
28B. Johs, Thin Solid Films 234, 395 (1993).
29It is not a priori knowledge that the Euler angles, which diago-
nalize the HBLA tensor are equivalent to the intrinsic structural
properties of the composite material such as slanting angle of
the columns and orientation of the slanting plane relative to the
external laboratory coordinate system. It has been confirmed by
extensive investigations that Euler angles θ and ϕ are identical
to these properties.
30G. B. Smith, Opt. Commun. 71, 279 (1989).
31G.W. Mbise, D. L. Bellac, G. A. Niklasson, and C. G. Granqvist,
J. Phys. D: Appl. Phys. 30, 2103 (1997).
32T. Hofmann, D. Schmidt, A. Boosalis, P. Ku¨hne, R. Skomski,
C. M. Herzinger, J. A. Woollam, M. Schubert, and E. Schubert,
Appl. Phys. Lett. 99, 081903 (2011).
33N. G. Wakefield, J. B. Sorge, M. T. Taschuk, L. W. Bezuiden-
hout, M. J. Brett, and J. C. Sit, J. Opt. Soc. Am. A 28, 1830
(2011).
34J. A. Osborn, Phys. Rev. 67, 351 (1945).
35R. Jansson and H. Arwin, Opt. Commun. 106, 133 (1994).
36G. E. Jellison, Appl. Opt. 30, 3354 (1991).
37D. Schmidt, A. C. Kjerstad, T. Hofmann, R. Skomski, E. Schu-
bert, and M. Schubert, J. Appl. Phys. 105, 113508 (2009).
38D. Schmidt, Generalized Ellipsometry on Sculptured Thin Films
made by Glancing Angle Deposition, Ph.D. thesis, University of
Nebraska-Lincoln (2010).
39G. E. Jellison and F. A. Modine, Appl. Phys. Lett. 69, 371 (1996).
40T. W. H. Oates, D. R. McKenzie, and M. M. M. Bilek, Phys.
Rev. B 70, 195406 (2004).
41M. Ho¨vel, B. Gompf, and M. Dressel, Phys. Rev. B 81, 035402
(2010).
42M. I. Alonso, I. C. Marcus, M. Garriga, A. R. Gon˜i, J. Jedrze-
jewski, and I. Balberg, Phys. Rev. B 82, 045302 (2010).
43T. Kasputis, M. Koenig, D. Schmidt, D. Sekora, K. B. Roden-
hausen, K.-J. Eichhorn, P. Uhlmann, E. Schubert, A. K. Pannier,
M. Schubert, and M. Stamm, J. Phys. Chem. C 117, 13971
(2013).
44D. Schmidt, Characterization of highly anisotropic three-
dimensionally nanostructured surfaces (2013), arXiv:1308.2942.
45D. Liang, D. Schmidt, H. Wang, E. Schubert, and M. Schubert,
Appl. Phys. Lett. 103, 111906 (2013).
